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A BAYESIAN INTERPRETATION OF

DATA TRIMMING TO REMOVE EXCESS CLAIMS

William S. Jewell

University of California, Berkeley
& RTH-ZUrich

Abstract

The effect of excess or catastrophic claims
is well recognized in insurance. For example,
in experience rating it is customary to truncate
the data to minimize the effect of such outliers;
Gisler has recently proposed a credibility formula
using such data trimming. This paper develops a
model of the excess claims process and finds the
exact Bayesian forecast. The resulting forecast
form is approximately a data trim, thus justifying
the simpler, heuristic approach.

Zrich, March, 1981



1. Introduction

The effect of excess or catastrophic claims is well

recognized in insurance. Typically, one wishes not only to

analyze them in detail to determine and, if possible,

correct their causes, but also to modify the data so as to

minimize their effect upon normal operating procedures of

the firm.

For example, in experience rating, data I - (xlx 2 ,...x n )

collected from a policyholder's experience in years 1,2,...n-J

is used to modify his premium for year n+l. If '= n+1

is the random variable denoting next year's total paid

claims, the fair premium will be just the regression of '

on the data x, or C(yjx). In credibility theory, it is

assumed that this forecast is linear in the data, giving

the well-known formula:

(1.1) e( Ix) Z f(s) = (l-Zn)m + Zn  2 t)

Here m is the "manual" (fair, no-data) premium, and

W n/(n+N) is the credibility factor with time constant

N determined empirically or from a Bayesian model (see,

e.g., Norberg(1979) for further details).

The effect of an excess claim upon experience rating

is obvious from (1.1). What one would like to do is to

detect and remove this claim from the data, and spread

all or a portion of the excess amount over all the policy-

holders, perhaps by charging it against a special reserve.

However, in many situations it is not possible or economical

to use qualitative information about the claim to decide

if it is of ordinary or excess type, and one must use a
numerical procedure to "cleanse" the data before using (1.1).
Based upon heuristic methods used in industry, A. Gisler

(1980) proposed to replace (1.1) by:



(1.2) f(x) - a + b min(x ,)

where the parameters (a,bM) are adjusted so as to

minimize the mean-squared error in the forecast; the

result could be called a data-trimmed credibility formula.

2. A Bayesian Model for Outliers

We now develop a model which describes how excess

claims arise, and then find the exact Bayesian prediction

formula. By comparing this with Gisler's form (1.2), we

will be able to provide additional motivation for the

trimming procedure.

First of all, we assume that an ordinary claim

random variable, ' has a known density, p0 (x010)v

depending upon an unknown parameter * which characterizes

the different policyholders and their exposure characteristics.

The first two moments of this random variable are:

(2.1) mo~() = 6(1010 io) VOe) = V1 0 O.)

In the usual experience rating model, we are given several

independent observations of the xo type from a policy

with fixed, but unknown, e, and we wish to estimate the

mean of the next observation from the same policy. This

is equivalent to estimating m(0 (), given a prior density

on *, and the data x . If it is known that all data is

of ordinary type, then in many cases the credibili.t forecast

(1.1) is exact, or a good approximation.

Now, however, suppose that it is occasionally possible

that we observe instead an es caim random variable,

xe , with density pe(X ) not depending upon * (although

this can be easily generalized, if desired). This excess

._ A.. . .- L
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claim is considered to be the result of some extraordinary

cause, so that the density pe will have large mean and

variance compared with every density po" We also assume

that there is no qualitative way in which one can identify

an excess claim as such; thus, the densities should have

overlapping ranges, otherwise, there would be no difficulty

in separating excess claims based upon their magnitude.

We continue to let a = (xl1,X2,.Oxn) represent the

observational data, assumed independent, given 9. But

the observation random variable, Zt' (t=l,2,...n), is

now sometimes an ordinary, sometimes an excess random

variable, and we assume that there is a known contamination

probability,1T, that independently selects if an ordinary

claim is replaced by an excess claim. In other words, we

assume that the individual observations follow the mixed

density:

(2.2) p(xtle) = (1-)po(XtIe) +llpe(Xt) ,

so that the likelihood of x *

n
(2.-3) p(49) = IP(xtl 0)

t-l

consist. of 2n terms. Since T is small, however, only the
first few terms will generally be significant (e.g., there

are usually only no, one, or a few excess claims in any

small sample).

As in other experience rating models, we assume that
we are given a prior density, p(9), on the unknown parameter,

so that Bayes' law then gives a posterior-to-data density

for the unknown parameter of:

p(ai.) p(e)
(2.4) P4ol0) = P()

*From this point on, we are using the usual Bayesian
trick of using p(.) for several different densities, and
letting the variables "speak for themselves".

' r. ....



-4-

where p(s) is the integral of the numerator over o. Now,

however, we must remember that we are not interested in

predicting just the next observation, but rather in

predicting the next observation, given that it is of ordinary
ths anomvaibl,,ca1i hs dnst 0o( 0

~~j; th0rno aibe alit~,hsadniyp( o
if o were kcnown. It follows then that, given the data .1.

we can form the Bayesian predictive density of Y" from (2.4)

as follows:0

(2.5) P (Yo0 ) = fp 0c( 0 1) p(oll) do

The exact Bayesian mean predictor of y0 is then just the

first moment:

(2.6) EY01)= f(a) fmJo (o) p(oga) do

To better undezeand how this formula depends upon the data,

we need to develop further the likelihood (2.3).

3. Single Observation Case

First, suppose that only n=1l observation has been

made. Then (2.3) has only two terms, and the exact forecast

is:

(3.1) f(x) I [,I(.1r1)mooe poCx1 Io) p(o) do

I p 57 +*f P e (x 1)fmo(*) p(o) dol

where

(3.2) p(x)= (1-10 p0 (x 1) *'rrpe(xi) ; Po(x 1) fpo(xlIo)p(.)d*

The second integral in (3.1) is just the a priori expected
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value of o (the manual premium):

(3.3) 0 ( Yo

which would be the "forecast" if no data were available.

The first integral in (3.1) is more interesting, as

it is related to the Bayesian prediction in which It is known

that the observation is of ordinary type. In contrast to

f(x1)t which is the prediction from an arbitrary observation

following (2.2), we can define fo(xl) as the ordinarY

observation predictionp gotten from (2.6) by settingi f--O:

(3.4q) E(y 0 x" ordina.ry) -f o(x) -/'°(6)p° *p PO() d

This could, of course, follow the linear credibility law (1.1).

Finally, we rewrite the exact forecast as:

which can be rewritten in two revealing forms: the first,

f0(X1) + xlm
(3.6) f(x1) = 1 +

with

(3.7) O.\ Pe (xl)

(t
as an "odds-likelihood-ratio"; the second in a credibility

formatS

(3.8) f(x) u Cl-z(x)],mo + Z(X3)fo (z3)

WE -7 -"l ai, ~ ''. . .."l , .,. . .- .... " . . ',. .. ,a,- -,,e',..;, . ': . . ....-. . . ' "

lin !,* . . ..-. ,
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with a new data-dependent credibility factor:

(3.9) Z(x 1  [El+(x -1 (1-70) p. (z 1 )

(1-)p o ()OrxlTP (X1 )

Z(x 1 ) is essentially the a posteriori probability that the

observation x1 is ordinary.

In the usual situation, the averaged ordinary density

PO(xl) and the excess density pe(xl) might appear as in

Figure 1, giving then the weighting functions O(xI) or
Z(x1 ) shown in Figure 2.

4. Comrarison with Trimminx in the Credibility Case
As discussed in the first Section, it is often the

case that fo () is linear in the data x, i.e. it follows

(1.1), with m replaced by m o and the ordinary (non-data-
dependent) credibility factors Z replaced by:

(4.1) z on = No= .

Thus, in the one-dimensional case, fo(xl) in (3.8) would
be replaced by:

(4.2) fo(xl) - mo + ZoI(xI-mo )

This means that the exact Bayesian forecast would have

* I the interesting shape shown in Figure 3.

1 This shape shows us that, if XI is small, we believe
it is of ordinary type, and we should experience rate

according to the linear law (4.2). But as increases
beyond m0 into the region where the odds-likelihood-ratio

becomes significant, we begin to hedge our bets on the

fact that we have an ordinary observation, and to reduce

the dependence of the forecast on x1 . Finally, for x
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Figure 1,

0(x)

Figure 2.

X,

f~x1) Figure 3.
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very large, an excess observation is highly credible, and

we settle for the "no-information" manual rating, mo .

We see that the resulting forecast is quite similar

to that obtained by ordinary credibility theory, but

trimming the data and replacing x1 by min(xlM) as in (1.2).

Although sharp trimming will not have the "bump" shown in

Figure 3, the effect will be small because the three

parameters (a,b,M) in (1.2) can be adjusted to minimize

the mean-squared error, thus giving a straight-line portion

to the forecast which is slightly different than (4.2).

Another point in favor of the trimming is that it

might be difficult to implement the exact predictive form

in Figure 3 in a real experience-rating scheme; it would

be difficult to explain a plan in which a policy with a

larger claim might have a smaller next year's premium

5. A Numerical Example

Figure 4 shows a numerical example in which normal

densities were chosen for the average ordinary and excess

densities; the means and standard deviations were:

10 = ; e 5 0 ; 5=20

A contamination probability I1 = 0.1 and a credibility
factor Zol = 0.5 were used, so

f o (xl) = 10 + 0.5(xl-10)

The resulting exact forecast f(xI) is plotted in Figure

4, together with the optimal trimmed forecastwhich is
approximatelyf(xp r ia + 1 0.44lin(xl,14.7) - 10]

Note that in the use of Gisler's results, one must

subtract 49te from his forecast, as he does not have an

explicit model for the generation of excess claims, and

is predicting a future observation of either type.
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15

0 55

Figure 4. Exact Bayesian and Trimmed Data Forecasts for Exampl.e.

6. General-Case

Prom the proceeding, it should be clear that the

optimal predictor for an arbitrary number of observations a

consists of 2nterms from (2.2)(2.3), corresponding to all

the different ways in which the data 1=(xl~x2, ... n) can be

partitioned into ordinary or excess categories. The formulae

are greatly siaplified in the general case if we use set-

theoretic notation.

Let ?t = (1 p2,..nl, 9. be any subset of nt (including 71
and the empty set 0), f. n .9., and D Fo use also E l
as a subscript to denote an arbitrary subset of observables,
so that, for example, x a fh data Then the probability

that this subset In all ordinary is:

(6.1) po(xg) J ] pc(x 3 1) p(.) do

*1 A
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whereas the probability that it is all excess is:

(6.2) pe(XI) pe(xj)

For consistency in the following equations, set Po (X) =

Pe(N) = I.

Next, we define f0(xi) to be the Bayesian forecast

of an ordinary random variable, Yoe using only the data x a
assumed to be all of ordinary type. This might be the

J-term generalization of (4.2), e.g., (2.1) with m replaced

by mOP Zn replaced by ZoJ, and of course using only the

data xi , For consistency, the no-data forecast is

fo(x0) o.

Then, examination of the expansion of (2.3) shows

that the forecast consists of the weighted sum of 2 n

forecasts:

(6.3) f(a) = z9 (I) fo(XP)

where the data-dependent credibility factors are:

(6.4) Z (.) = x (1-11) J'I r ' J pO(x ) pe(XI) ,

and K is adjusted so that the factors sum to unity.

The sum in (6.3) is over all 2n subsets of t ,although,

as previously stated, it is unlikely that more than a few

excess claims would be present with 'Ir small. This suggests

the following computational strategy: arrange the data

in decreasing magnitude, xl*X 2)..oX, take successively

to be 0. fi), {1#21p, o..tc.,and compute the corresponding

credibility factors Z, . At some point these factors will

become quite small, and the remaining terms in (6.3) can be

neglected. One can, if desired, bound the neglected terms.
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7. Continuing Research

The results presented here are part of a continuing

research effort, Joint with H. B~thlmann and A. Gisler.

Current effort is devoted to multi-dimensional computations,

and comparison of trimmed-data forecasts with the exact

Bayesian prediction. Preliminary results indicate that
the Gisler approximation continues to be quite good in the

multi-dimensional case. These and other results will be
be presented in an expanded version of this paper later

this year.

I|
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Excess Claims and Data Trimming in the Context of Credibility

Rating Procedures

by Hans BUhlmann, Alois Gisler, William S. Jewell*

1. Motivation

In Ratemaking and in Experience Rating one is often confronted
with the dileina of whether or not to fully charge very large
claims to the claims load of small risk groups or of individual
risks. Practitioners typically use an a posteriori argument in
this situation: "if such large claims should be fully charged
then the rates obtained would become 'ridiculous', hence it
should not be done." The present paper aims at explaining this
practical attitude from first principles.

Credibility Theory in its standard form makes the first step in
the good direction. It explains to us that all claims should not

be fully charged (but only with the constant fraction of the cre-
dibility weight). In many applications, however, it is still felt

that the fraction of this charge should depend on the size of a
claim. This leads very naturally to the idea of combining credi-
bility procedures and data triminq.

Of course, such an idea needs to be tested. The first argument

in favour of it was given by Gisler (11 who showed that in many

cases the mean quadratic loss of the credibility estimator is
substantially reduced if one introduces trmming of claims data.
This paper goes even further. It formalizes the standard way of
thinking about large claims and then shows that "optimal forecas-
tinq" of rates (using Bayes estimation techniques) and forecas-
tinq by acredibility techniques combined with data tnizing" lead

to almost identical results.

* The authors are greatly indebted to R. Schnieper who did all
the numerical work on the ETE computer.

4 -,
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2. The Basic Model

Throughout the paper we work with the most simple model in the

credibility context

- - (XI, X2 ,..., X ) is the random vector representing theexperience of a given risk in the years
1, 2,..., n

- The quality of the risk is characterized by an unknown parame-

ter value 8, which we consider as a realisation of a random
variable 6 with distribution function U(S)

- Given the parameter value e , {X1, X2 ,..., X} are i.i.d. with

density function fe(x) [mean u(e), variance al(e)]

To these standard assumption in credibility theory we add now

some more structure regarding the distribution of the size of a

claim. The main idea is introduced by the assumption that the

claims sizes are drawn from two different urns (distributions).

Mostly, i.e. with probability 1-r, we observe an ordinary claim

with density p0 (x/ 5 ) [mean uo (M), variance cz(e)] and occasio-
0 0

nally, i.e. with probability r, we observe an excess claim (catas-

trophic claim) with density Pe(x/' ) [mean Ue (e), variance a(e)]

PO(x/ 8 ) Pe(x/e)

ordinary excess
claim amounts Iclaim amounts

occurrence 1-7r

We have assumed that the mixing probabilities are independent of

0 and from now on we shall also suppose that the density of the

excess claims is independent of the risk parameter, hence formali-

zing the idea that large catastrophic claims have no bearing on

the quality of the risk.

In mathematical shorthand all the considerations just made regar-

ding additional stiucture are summed up by stating that the density

a_4 24



f(x) has the following form

0. l )~1) f - (1-i0)po (xl) + ipe(X)

3. The Basic Problem

As always in the credibility context our aim is to estimate

ua(s) based on the observations of X - (X1 , X2 ... ,Xn)

pure premium for experience of the
the given risk given risk in the |years 1,2,...,n

One knows that the best estimator for this problem is

P[x] - E[.(e) /x

Using the special structure of formula 1) we obtain

2) PxI uvue + (1-w) E[Vo(9) 1

g(_)

If we use standard credibility techniques we estimate by

n
3) fox1 - a + b X with optimal choice of a,b

i-1

And if in addition we introduce trimming of the data we estimate by

n
4) f(x] - a + b (XiAL) with optimal choice of a,b,M

Using 4) we are committing the following error against optimal

estimation*1



6) abd(E P!A flj. ainfi tirue +(l-w)g(!) -a -b I (XiAL)J

C~i-a
- l inf E L-.() (XPA4)

arb,Miin J

LIL
al, be M L -

The following two problems are therefore equivalent

n
A) Estimate P(X1 (total prezium) by a + b (XiAM) vith optizal a.,b,M

B) Estimate g (1) (ordinary prr~um) by a I+ b I (X iAM) vith optimal &',b,M

?or the optimal chci.ie, 4z* -- rarameters (denoted by )we have

M (1-iT)

in the following we want to illustrate that a~. ~ X~is

*1 good approximation of g(X) - E Cua(), (Problem B) above)

we actually shall compare

£' ~ ~(xefi) with gwx for any observation x of X

4. The Exact Form of g~

Writing out the conditional expectation E FUO( 8) 1~ we obtain

A;L1



fuo 40 i-1 1( ir)p:xi/8) + 'pe(i) dUce)

8))O~ie +(~ W-~ dU(e)

* ~Putting I - l2..}and Sal we rewrite

9) lrl-1nfv.(im!,eWp l -) (l-10) 1r~ Ir p,(xie) i- P. (xi)

where the sum on the right side must be taken over all subsets

Sal (including 0 and 1) with s =*S
and n - I

We also use the abbreviations

Po3(x S) -ispo(xi/e) MO~)

pe(x S p e(xi) dU(e) - ?r pe(xi)

L (xs - _,t)nS PO(x)(x ) [p (x0  l

(0~ poi~ P(xiie) dU (8)

z0 ~oe S] PONx)

Then introducing 9) into 8) and carrying out the integration

we find for the numerator of g(E)

(1-it pe (Xi)fl1lo (0)r-P (i u(

or

I(1-it) it Irn Po (xS)Pe (xi) E 0 L)/ 2

4a S
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and for the denominator of g(x)

(lW)s in-, Po(Xs)Pe(XB)

Sal

Dividing both numerator and denominator by (1-1) n Po(Xi) we final-

ly arrive at

zo [U. ce),,] + SXL (xS) E0 [1O(B/x 3

10) g(x) 
=

+ I L (xs )
Sc'
SolI

Remarks:

i) Observe that g(x) is a weighted average of forecasts based

on all subsamples xS of the total sample x, , the fore-

casts being calculated under the assumption that the ,ubsample

contains only claims of the ordinary type.

ii) As .-'. is usually rather small the weight of L(xS) is ra-

ther quick decreasing with decreasing number of observations

in xs; for a fixed number of observations the weight L(xs)

is rather big if both po(xs) and pa(xi) are big i.e. if

xS and x- are very likely to come from the ordinary and

the excess urn respectively.

iii) Dividing by p (x,) is obviously only allowed if all the ob-

served claims are possibly of ordinary type. The weight func-

tion L(xs) is then only positive if pe(xg) is positive

i.e. if the subset x- is possibly of excess type. Thus the

formula does what we would have done by intuition as well, it

excludes predictions based on claims which can be surely re-

coqnized as excess claims.

4 -
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S. move insight from the single observation case

At this point it is worthwhile to consider the special case where
the whole sample of observations contains only one observation,

i.e.

(. = I 1 )

For simplicity we omit the index 1 and write x for the single ob-
servation. We have then

11) g(x) - 0 ( .Lr ]

I PS(X)
with [Oa=TpW

The right hand side is a multiple of the likelihood ratio. If the
latter is monotonically increasing (which is typically the case
in applications) so is also the weight given to the constant es-
timator E [uo()J - m o. Assume in addition that Eo4Lo()/x

is of linear form; then our estimator g(x) is a mixture of the
two cases (corresponding to the two pictures)

q q

MO

Z. u.(9)x]ax~b

~x lb

the weight being shifted from the estimator on the left to the
estimator on the right as x increases.* The resulting estimator
is almost of the form a+b ain(x,X) . Bence credibility with trim-
ming is almost exact! This fact will be illustrated by a nuaerical
eXample in section 6.* In fact our numerical example will show that
this fact also carries over to higher dimensions.
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6. A Numerical Example

6.1) For explicit calculations we are a,suming that for ordinary

Po (x /8 is a normal density with mean 9

variance v

6 is normally distributed with mean m

variance w

We then have

P(x S Po(xi/e)dU(S) which turns out to be a multi-
dimensional normal density with

mean vector 0

o

and covariance matrix
+iV W. •.w

hence

12) P.(xN) e 2 ij x 0 (~ 0)

(21 s/2 jES

with A - -1

Proof that p°(xs) has density 12:

a) Given 9 any linear combination cix, is normal with mean

I c1e and variance I c'v * iES Integrated out with

relpect to the normal structure function of e we obtain

a normal distribution with mean I c mo and varianceES(Ic l +''. c €v . But. a ,,,mplE, x~ ,home linear combi-

r,!ons are normally distributed is multidimensional
4normal.
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b) Let ie-
3 ES

C COv (Xi,X, E E[ov(X±PK3 )~ + VaJ[fX±,e . EC[X, 4J

S 6 v + wii
q.e.d.

It should be noted that

13) det -v n + nvn'lw (subtract first row from all
other rows and then develop
along the first column)

Also observe the explicit form of

1 - A- (a L)ies , namely

3 ES [ (I+cLID)m

14) ij a ij " :nw [Us

From elementary calculations in credibility theory we

finally also know that

1)Eo [ 0/4.S ; sw + m v
VSW VS

15) -= Svs" + vm-''

6.2) For the excess claims the probability law is specified by

assuming that

P(x) is a normal density with mean Ue

variance il

I

.



-lo-

7. Numerical Calculations ofg()

For our calculations we have chosen

10 so

v a 12.5 1 cons ce M 20

v 0 12.5J

1-T 0.9 M 0.1

and we obtain

a) for n-I -(si l, observation case)

x g(x)

S. 7.5091
6. 6.006
7. 8. 04
a. 9.0033
9. 9.501?

1U. 10.0479
a1. 1OMSI7
13. 11.1.91
14. 11.9050
VI. 12.h3S
1S. 12.96W2
IT. 13-4368
1 13.8919
19. 1.s.TT
20. 1h.68%E

* 21. 1h.9586
n . 19.060=
23. Ib.19&4
St. 14.37Ua
29. 13.194
26. 22. 45n
2?. 11.3069

4 26. MU.GS6
29. 10.6.153
50. 10.1952
U. 10.067
32. 10.0370
33. 10.0151
3b. 10.0059
39. 10.0022
36. 1O.M00

3. 16.00W1
3?. MOM00
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b) for n-2 (two observations) g(xl,x 2 )

6 6 7 8 9 10 11 32 X3 11 15 16 IT 16 19 20 21 2 23 21.

5 6.68 7.02 7.35 7.68 8.02 8.35 6.68 9.01 9.32 9.61 9.86 .'.o 10.08 9.92 9.53 8.98 8.43 8.02 7.7$ 7.65
6 T.02 7.35 7.68 8.01 8.35 8.68 9.01 9.33 9.65 9.94 10.21 10.1. 10.50 10.2 10.12 9.62 9.07 8.62 8.32 8.17
T 7.35 7.68 8.01 8.34 a.68 9.01 9.3 9.66 9.98 10.28 10.55 10.78 10.92 10.91 10.7T0 10.27 9.73 9.21. 8.90 8.70
8 7.68 8.01 8.34 8.68 9.01 9.3 9.67 9.99 10.31 10.62 10.90 11.15 11.33 11.38 11.26 10.92 10..2 9.90 9.51 9.26
9 8.02 6.35 8.68 9.01 9.34 9.61 10.00 10.32 10.65 10.96 11.25 11.52 11..72 11.83 11.79 11.55 11.11 10.59 10.14 9.84

10 8.35 8.8 9.01 9.314 9.67 10.00 10.33 10.66 10.98 11.30 11.60 11.88 12.11 12.27 12.30 12.15 11.79 11.30 10.81 10.4).
U 8.68 9.01 9.31, 9.67 10.00 10.33 10.66 10.99 11.32 11.63 11.94 12.23 12.19 12.69 12.78 12.72 12. h6 12.02 11.51 11.08
12 9.01 9.33 9.66 9.99 10.32 10.66 10.99 11.32 11.65 11.97 12.29 12.59 12.86 13.09 13.216 13.26 13.09 12.73 12.23 11.76
13 9.32 9.65 9.98 10.31 10.65 10.9a 11.32 11.65 11.98 12.30 12.62 12.93 13.22 13.1.7 13.67 13.75 13.68 13.111 12.97 12. U7
1' 9.61 9.94 10.28 10.62 10.;6 11.30 ..63 11.97 12.30 12.63 12.96 13.27 13.57 13.85 14.07 14.22 11.23 14.06 13.69 13.20
15 9.86 10.21 10.55 10.90 11.25 11.60 11.914 12.29 12.62 12.96 13.29 13.61 13.92 114.21 14.46 1.65 14.% 1U.66 14.39 13.;3
16 10.01. 10.11 10.78 11.15 11.52 11.88 12.23 12.59 12.93 13.27 13.61 13.94 114.26 11.56 11.83 15.06 15.20 15.21 15.03 11.65
17 10.08 10.50 10.92 11.33 11.72 12.11 12.19 12.86 13.22 13.57 13.92 14.26 114.58 14.90 15.19 15.414 15.62 15.70 15.61 15.31
18 9.92 10.162 10.91 11.38 11.83 12.27 12.69 13.09 13.1-7 13.85 14.21 '--.56 114.90 15.22 15.52 15.79 16.01 16.13 16.12 15.90
19 9.53 10.12 10.70 11.26 11.'9 12.30 12.78 13.26 13.67 14.07 11 .46 114.83 15.19 15.52 15.8. 16.12 16.36 16.51 16.Sk 16.38
20 8.98 9.62 10.27 10.92 11.55 12.15 2.72 13.26 13.75 114.22 14.65 15.06 15.1- 15S.T9 16.12 16.142 16.66 16.83 i6.87 16.73
21 8.1.3 9.07 9.73 10.142 11.11 11.79 L2.146 13.09 13.68 1..23 114.71, 15.20 15.62 16.1 16.36 16.66 16.91 17.07 1T.10 16.94
22 8.02 8.62 9.2' 9.90 C.59 11.30 12.02 12.73 13.41 14.,06 14.66 15.21 15.70 16.13 16.51 16.83 1T.7 1T.21 17.20 16.97
23 7.78 8.32 8.90 9.51 10.1 10.81 11.51 12.23 12.9T 13.69 11.39 1.03 15.61 16.12 16.54 16.87 '7.10 17.20 1T.10 16.76
2k 7.65 8.17 8.70 9.26 9.8 L 10."1 11.:8 11.76 12.1T 13.20 13.93 11.65 15.31 15.90 16.38 16.73 16.94 16.97 16.76 16.28

c) for n-5 (five observations)

g(xl,x 2 , C3 ,0 4 ,C5 ) note: C are chosen as "parametersm

for the following tables

i) (C3 1C4 1C5 ) - (10,10,10)

2 5 6 7 8 9 0 . 12 13 11b 15 16 7 16 19 20 21 22 23 2

5 8.76 8.86 8.98 9.13 9.28 9.1.3 9.56 9.66 9.71 9.71 9.67 9.60 9.53 9.1.7 9.62 9.39 9.37 9.36 9.36 9.35
6 8.86 8.9. 9.06 9.20 9.35 9.50 9.62 9.71 9.76 9.71' 9.73 9.6T 9.60 9.51 9.49 9.16 9..1 9.J3 9.1.3 9.43
7 8.98 9.06 9.17 9.31 9. 6 9.60 9.72 9.81 9.86 9.87 9.81 9.78 9.n3 9.65 9.61 9.58 9.56 9.55 9.51. 9.54
8 9.13 9.20 9.31 9.. 9.58 9.7,2 9.8k 9.9k 9.99 10.00 9.97 9.92 9.85 9.80 9.T5 9.72 9.70 9.69 9.69 9.69
9 9.28 9.35 9.16 9.58 9.72 9.86 9.98 10.08 10.14 10.15 10.13 10.08 10.01 9.96 9.91 9.88 9.8 9.85 9.65 9.6'

10 9.13 9.50 9.60 9.72 9.6 10.00 10.12 10.22 10.29 10.31 10.28 10.24 10.1T 10.12 10.07 10.0. 10.0= 10.01 1O.00 10.00
11 9.56 9.62 9.72 9.81 9.98 10.12 10.25 10.36 10.12 10.45 10.1.3 10.38 10.32 10.26 10.22 10.18 10.16 10.15 10.15 10.11.
12 9.66 9.71 9.81 9.9h 10.08 10.22 10.36 10.16 10.53 10.56 10.55 10.50 10.1. 10.38 10.33 10.30 10.28 10.27 10.26 10.26
13 9.71 9.76 9.86 9.99 10.1 10.29 10.1.2 10.53 10.61 10.64 10.63 10.58 10.52 10.16 10.11 10.3? 10.35 10.3h. 10.33 10.33
V, 9.1 9.77 9.67 10.00 10.15 10.31 10.15 10.56 10.61 10.67 10.66 10.61 10.55 10.18 10.143 10.40 10.3? 10.36 10.35 10.35
15 9.67 9.T3 9.81 9.9T 10.13 10.28 10.1.3 10.55 10.63 10.66 10.64 10.60 10.53 10.47 10.h1. 10.37 10.35 10.31 10.33 10.33
16 9.60 9.67 9.78 9.92 10.08 10.2' 10.38 10.50 10.58 10.61 10.60 10.55 10.48 10.1 10.36 10.32 10.29 10.28 10.27 10.27
17 9.53 9.60 9.71 9.85 10.01 10.17 10.32 10.kk 10.52 10.55 10.53 10.8 10.1 10.3. 10.29 10.25 10.22 10.21 10.20 10.20
18 9.47 9.51. 9.65 9.80 9.96 10.12 10.26 10.38 10.1-6 10.48 10.17 10.141 10.3 10.V 10.22 10.18 10.16 10.1 10.1 10.13
19 9.k2 9.9 9.61 9.75 9.91 10.07 10.22 10.33 10.1.1 10..3 10.41 10.36 10.29 10.22 10.17 10.13 10.10 10.09 10.09 10.06
20 9.39 9. 9.58 9.72 9.m 10.04 10.16 10.30 10.37 10.10 10.37 10.32 10.25 10.18 10.13 10.09 10.07 10.06 10.03 10.05
21 9.37 9.A41 9.56 9.70 9.86 10.02 10.16 10.28 10.35 10.37 10.35 10.-29 10.22 10.16 10.10 10.0T 10.05 10.03 10.03 10.02
22 9.36 9.43 9.55 9.69 9.85 10.01 10.15 10.27 10.3 10.36 10.3 210.28 10.21 10.1 10.09 10.0 10.03 10.0 10.0 10.01
23 9.36 9.4 9.51 9.69 9.85 10.00 10.15 10.26 10.33 10.35 10.33 10.27 10.20 10.14 10.09 10.05 10.03 10.02 10.01 10.01
24 9.35 9.3 9.51A 9.69 9.8. 10.00 10.1.4 10.26 10.33 10.35 10.33 10.27 10.2010.13 10.08 10.05 10.02 10.01 10.01 10.00
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ii) (C3 ,C4 ,C5) - (10,10,25)

, 6 7 8 9 0 11 12 13 1. 15 16 .7 18 19 20 21 2 23 2A.

5 8.59 8.70 8.8h 9.01 9.18 9.35 9.50 9.6. 9.66 9.66 9.62 9.51- 9.6 9.39 9.33 9.30 9.2T 9.26 9.26 9.2
6 6.TO 8.80 8.93 9.09 9.26 9.43 9.5T .6T 9.73 9.73 9.69 9.62 9.54 9.1T 9.14 9.38 9.36 9.35 9.3b 9.34
7 8.8. 8.93 9.06 9.22 9.38 9.5" 9.68 9.78 9.84 9.85 9.81 9.71. 9.67 9.60 9.5'. 9.51 9.49 9.118 9.A17 9.A1.
8 9.01 9.09 9.22 9.37 9.53 9.68 9.82 9.93 9.99 10.00 9.97 9.90 9.83 9.76 9.71 9.68 9.66 9.65 9.6* 9.6,
9 9.18 9.26 9.38 9.53 9.69 9.8. 9.98 10.09 10.16 10.17 10.15 10.09 10.01 9.95 9.90 9.86 9.81 9.83 9.82 .82

10 9.35 9.43 9.5 9.68 9.8h 10.00 10.14 10.26 10.32 10.35 10.33 LO.27 10.20 10.13 10.08 10.05 10.02 18.01 10.01 10.00
11 9.50 9.5T 9.6a 9.8 9.98 10.11. 10.29 10.1.1 10.1a 10.51 10.49 10.4. 10.37 10.30 10.25 10.21 10.19 10.8 10.17 10.17
1 9.61 9.67 9.78 9.93 10.09 10.26 10.14 10.53 10.61 10.61. 10.63 10.5T 10.51 10.1U 10.38 10.34 10.32 10.31 10.30 10.30
13 9.66 9.73 9.5k 9.99 10.16 10.33 10.68 10.61 10.70 10.73 10.12 o.67 10.60 10.53 10..7 10.1.3 10.40 10.39 10.38 10.38
Il.k 9. 9.3 9.85 10.00 10.17 10.35 10.51 10.6. 10.72 10.17 10.75 10.70 10.63 10.56 10.50 10.46 10.3 10.1,2 10.L.1 10.41
15 9.62 9.69 9.81 9.97 10.15 10.33 10.4 10.63 10.7 10.1 10.74 10.69 10.61 10.54 10.-8 10.43 10.41 10.39 10.38 10.38
16 9.51 9.62 9.71 9.90 10.09 10.27 10.. 13.57 10.67 10.70 10.69 10.63 10.55 10.1.7 10.41 10.37 10.34 10.33 10.32 10.31
17 9.h6 9.51. 9.67 9.03 10.01 10.20 10.37 13.51 10.60 10.63 10.61 .a.55 10.47 10.39 10.33 10.29 10.26 10.24 10.24 10.23
1.8 9.N 9.T 9.60 9.76 9.95 10.13 10.3. 10.", 10.53 10.56 10.5 10.67 10.39 10.32 10.25 10.21 10.18 10.17 10.16 10.16
19 9.33 9.1.1 9.5. 9.71 9.90 10.08 0.25 :.38 1.0. 7 10.50 10. 1.0.1. 110.33 10.2510.19 10.15 10.12 10.11 10.1010.10
20 9.30 9.38 9.51 9.8 9.86 10.05 10.21 / .31. 10.13 10.,6 10.13 10.37 10.29 10.21 10.15 10.11 10.08 10.3T 10.06 10.05
21 9.2T 9.36 9.1 9.66 9.8 10.02 .0.19 10.32 10..0 10.143 1.1.L 10.36 10.26 10.18 10.12 10.08 10.05 10.04 10.03 10.03
22 ?.26 9. 9..8 9.65 9.83 10.01 10.15 10.31 10.39 10.12 '10.39 1..33 10.26. 10.17 10.11 10.0T 10.0 10.03 10.02 10.02
23 P.26 9.34 9.1.7 9. 9.82 10.01 10.17 10.30 2.0.38 10.11 0.36 L0.32 10.24 10.16 10.10 10.06 10.03 10.02 10.01 10.01
2t, 9.25 9.3k 9.1.T 9.6 9.82 10.00 1.1? 10.30 10.38 10.41. 10.38 10.31 10.23 10.16 10.10 10.05 10.03 10.I 2 10.01 10.01

8. Optimal Trimmng

Gisler has shown [1] that for given M the optimal choice of

the approximation

)-a + b I (x, to U(S) [and hence to PCE]
i-1

can be calculated as follows

16) b where bI - Coy [XlkM, X2 1
(n-I) b2 +b 3 b 2 = COY [X1/A, X2M]

b3 - Var [XIMU]

17) + 1b Z(X^M] - Z x

With this optimal choice we then have

18) E [(we)~()1 - n Lb,

Hence the trimIng point M is optimal if bb is maximum.
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' In our basic model (cf. section 2) we find

19) b (1-Tr) 2Cov U M (e), 0(8) ~: wh r A/ riay

%j (/) - [Xe, x ordinary]

b -(1-T) var [l (e,]

b -M (l8~~)J+ T 114 + (l.T.i2)Var U (8M] +

+T (1-1) EI(8 () - U)N

with azm(O) - VarXAZ, riay

*ZM - Var[XAit/X excessl

e E X excess]

Using explicitely the normal distribution as assumed both for or-

dinary and excess claims in section 6 we obtain from some rather

tedious integrations:

Let 0(.) denote the standardized normal distribution function
and (.) the standardized normal density function, then

20) b1 -(-a) /o"

b (1-) 2 Cov IUpM , Uem]

where the covariance is obtained by numerical integration.

Notation: (U 'U2  is (M wit ~ v+w w)

b3 -A-B

* s
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A~-(1-T) (+C) 0 - -a (.m) (P 11 -Mo
A ['M 0 0 / a

r ('".m - x (-.1
, (l-w .,.,,o,) ,\%/ %'., ,o/

+ Ma /-M ' -M 0) \"-es)

4 -.-

+ M

9. Numerical Calculations of + b i (xeAM)
1-1

Using the same parameter values as in section 7 we obtain the forecasts

based on optimal trimming. Wo compare with g(x) it is worthwhile

to calculate also V+ S (xpi)

with iI

me
l-w£- 1w,

.4d

. .. 1 !
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a) Results for n-l (sinqle observation case)

Truncation point - 14.68

formula: 0-0.4412(x-A)+9.5817 -0.4902(xM)4+5.0908

x
5 11.79 7.54
6 12.23 8.03
7 12.67 8.52
8 13.11 9.01
9 13.55 9.50

10 13.99 9.99
11 14.43 10.48
12 14.88 10.97
13 15.32 11.46
14 15.76 11.95
15 16.06 12.29
16 16.06 12.29
17 16.06 12.29
18 16.06 12.29
19 16.06 12.29
20 16.06 12.29

b) Results for n-2

truncation point - 19.52

b1 ) approximation to total Premium P(x]_
2

formula: P - 0.2289 (xei^) + 9.0351
4,,1

2 5 6 6 9 10 1 12 13 14 15 IS 17 16 19 20 21 U 23 216

S5 1. 32 1U.55 U.T8 12.01 12.241 12.47 I2.TO 12.93 13.16 13.3 13.61 13.84 14.0O" 14.30 14.53 116.65 114.61 114.65 1k.65 14.65

6 11.55 11.76 12.01 12.21 12.16T 12.TO 12.93 13.16 13.36 13.61 13.84 zt.z7 14.30 1k.53 1h.76 14.86 14.88 14.8a 'Aa 1 .. 8a
T 11.78 12.01 12.2h 12.kT 12.70 12.93 13.16 13.36 13.61 13.8h 11s.07 14.3C 11.53 11.76 1h.99 15.11 15.11 15.11 15.11 15.116 12.01 12.24 12.1T 12.T0 12.93 13.16 13.36 13.61 13.84 14.07 111.30 11.53 11.76 111.99 15.22 15.33 15.33 15.33 15.33 15.33
9 12.24 12.17 12.70 12.93 13.16 13.38 U.6 13.61 14.0T 14.30 11.53 11.76 1U.99 15.22 15.41, 15.56 15.56 15.56 15.56 15.54
10 12.? 12.70 2.93 13.1 13.38 13.61 13. 11.0 14.30 16.53 11. 76 14.9 15.22 15.1k 15.67 15.7 15.79 15.7 15.9 15.79
11 12.70 12.93 13.16 13.36 13.61 13.8 111.07 111.30 453 11.76 111.99 15.22 15.1b 15.67 15.90 16.02 16.02 16.32 16.02 16.02
12 12.93 13.16 13.38 13.61 13.1 111.07 11.30 11.53 11.,6 11b.9 15.22 15."., 15.67 13.90 16.13 16.25 16.25 16.25 16.25 16.25
13 13.16 13.38 13.61 13.84 14.07 11.30 11.53 lk. 761.99 15.215.2 1 15.67 15.90 16.13 16.36 16. 16.4 16.4 16. 16.48
111 13.30 13.61 13.8h 14.0? 14.30 11.53 14.76 11.99 15.2215.k 15.67 15.9C 16.13 16.36 6.59 16.71 16.n1 .7 16.7 1.71
15 13.61 13.84 1.07 11.30 11.53 14.761 1. 9 15.2215. 115.36 15.90 16..3 16.36 16.59 16.82 16.94 16.94 16.91 16.k 16.9h
16 13.8h 11b .07 111.30 11.53 11176 11.99 15.22 15.k 15.67 15.90 16.13 16 .. 16.59 16.82 1T.05 17.17 IT.1 IT 17 17.17 1.1I
17 14.0 111.30 14.53 11.76 11.9 9 15.22 15.k 15.67 15.g0 16.13 16.36 16.!; .6.82 IT.05 17.28 17.39 17.39 17.39 IT.39 17.39
18 11.30 11.53 11.76 1.99 15.215.2 IS 15.67 15.90 16.13 16.36 16.59 16.82 17.05 17.28 1T.50 17.62 17.62 17.62 17.62 IT.62
19 11.53 14.76 11.99 15.22 15."1k 15.6? 15.90 16.13 16..6 16.59 16.82 '.:! 17.20 17.50 17.73 17.85 17.85 IT.65 17.85 17.85
20 14.65 11.M IS.15. 15.33 15.56 15.79 16.0 16.25 1..1 16.71 1.36 17.? IT.39 17.62 17.65 IT.97 17.97 17.97 17.17 17.,T
21 14.65 11.66 15.11 15.33 15.56 15.79 16.02 1.25 1.1 16.71 16.94 ,?.1, 11.39 7.6 v.65 1T.g T.97 it.97 1T.9T 17.97

1.6914.88 15.11 15.33 15.615.79 16.021 .916.5 16 .1n16.9 .?.I. 717.39 IT.621 iT.651T.97 1T.9T 7.1.v.97 17. 97
3 11.65 1.6 15.11 .5.33 15.56 15.79 16.0 16. 16.5. 16.94 IT.%- 17.39 17.62 17.65 17.97 17.97 IT.V? 11.17 17.97

2b 11 1.651.6815.115.3 15.9 15.79 1.0 16.2 15.1.1 16.9& 1'..-7 17.39 17.62 17.85 17.97 1T.97 it.97 17.97 iT.97

I~

I
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b2) apProximation to ordinary premium g()_
2

formula: - 0.2543 1 (xe^i) + 4.4834
i-i

5 6 a 6 9 10 11 12 13 1k 15 16 17 18 19 20 21 22 23 2#b

5 .03 T.26 7.53 7.79 8.0 8.30 8.55 8.81 9.06 9.32 9.5T 9.82 10.00 10.33 10.59 10.T2 10.T2 10.T2 10.12 10.T2
6 7.26 T.53 T.79 6.06 6.30 8.55 8.AI 9.06 9.32 9.57 9.82 10.08 10.33 10.59 10.68 10.9T 10.97 10.97 10.97 10.91
7 7.53 7.79 8.0. 8.30 8.55 6.81 9.06 9.32 9.57 9.62 10.04 10.33 10.59 10.81. 11.1O 11.23 11.23 .1.23 11.23 11.23
6 7.79 8.09 6.30 6.55 8.61 9.06 9.32 9.57 9.82 LO0 10.33 10.59 10.86 11.10 11.35 1.1. 1.9.8 1.1. 1. 6 8 1..8
9 6.06 6.30 8.55 6.61 9.06 9.32 9.57 9.82 10.06 10.33 10.59 10.68 11.10 11.35 11.60 11.74 11.T 1.7r 11.9. 11.Tk

1o 8.30 6.55 8.81 9.06 9.32 9.57 9.62 10.08 10.33 10.59 10.8. UL.It 11.35 11.60 11.86 .1.99 1. 9 11.99 11.99
U 8.55 8.81 9.06 9.32 9.57 9.82 10.06 10.33 10.59 10. 1.10 11.35 11.60 11.66 12.11 12.2. 12.2% 12.2 12.21. 12.24
12 8.81 9.06 9.32 9.57 9.82 10.08 10.33 10.59 1o.9 11.10 11.35 11.60 11.86 12.U 12.37 12.50 12.50 12.50 12.50 12.50
13 9.06 9.32 9.57 9.62 10.06 10.33 10.59 10.6h 11.10 11.35 11.60 11.6 12.11 2.37 12.62 12.75 12.75 12.75 12.73 12.75
16 9.32 9.57 9.82 10.06 10.33 10.59 10.8k 11.10 11.35 11.60 11.66 12.11 12.37 12.62 12.66 13.01 13.01 13.41 13.01 13.01
15 9.57 9.82 10.08 10.33 10.59 10.69 11.10 11.35 11.60 11.86 12.11 12.37 12.62 :2.U 13.13 13.26 13.26 13.26 13.26 13.26
1A 9.82 10.08 10.33 10.59 10.8 11.10 11.35 11.60 11.86 12.11 12.3T 12.62 12.8 13.13 13.38 13.52 13.52 13.52 13.52 13.52
17 10.08 10.33 1O.59 10.69 11.10 11.35 11.60 11.86 12.11 12.37 12.62 12.8 13.13 13.1 13.6. 13.7T 13.T7 13.77 13.77 13.TT
1 10.33 10.59 1.6S 11.10 11.35 11.60 11.86 12.11 12.37 12.62 12.38 13.13 13.38 13.6k 13.89 ,14.02 1-.02 14.02 14.02 16.02
19 10.59 10.61 11.10 11.35 11.60 1.86 12.11 12.37 12.62 12.88 13.13 13.36 13.6. 13.89 11k.15 1".28 16.28 16.28 16.28 19.28
20 10.12 10.97 11.23 1J..8 11.79. 1.99 12.2 12.50 12.T 13.01 13.26 13.52 13.TT 16.02 k.26 16.4.1 14..'1 14..11 I.61 1';.61
21 10.72 10.97 11.23 11.6 11.9 11.9 12.2 12.50 12.75 13.01 13.26 13.52 13.77 1%.02 16.28 16.. 14.061 1k.1 14.4.1 16.1.1
22 1O.T2 10.97 11.23 11.. 11.7. 11.99 12.24 12.50 124T5 13.01 13.26 13.52 1M.7, 

16.02 11.20 164.1 14.41 16. 1k..1.166.6L
23 10.12 10.97 11.23 11.M 11.79 11.99 12.2 12.50 12.7r 13.01 13.26 13.52 13.TT 14.02 &k.28 1b. 16.41 11.41 16.41 1.-.11
26 10.12 10.9T 11.23 1.9.8 11.79k 1.99 12.2 12.50 12.7 13.01 13.26 13.52 13.77 14.2 14.28 16.41 LA.11 11.1 1k.41l 1l. 1I

.s]. aeults for n-5

truncation point - 22.83
AS

formulae: P - 0.1241 1 (xi^M) + 7.0561 total premium

= 0.1378 1 (x1AM) + 2.2845 ordinary premium
Imi

c) approximation to total premium P[x - P[x 1 1x2, C OC #C5 ]

chosen as fixed
1) (C3 ,C4 DCS) *(10",110) parameter values

5 6 7 9 1 1 12 13 1?. 1 16 IT 1 19 20 21 22 23 29.

5 12.= 1.14 1.27 12.39 1 2.52 12.64 12.76 12.8 9 13.01 13.19 13.26 13.39 13.51 13.63 13.76 13.88 14.01 .l.13 16.23 14.23
, 6 12.1h 12.27 12.39 12.52 12.69 12.76 1 2.8 9 13.01 13.14 13.26 13.39 13. 1 3.63 13.7 6 13.88 16.01 16.13 Ih .25 16.36 1. .36

T 12.27 12.39 12.52 12.6. 12.7 12.69 13.01 13.19. 13.26 13.39 13.51 13.6 3 13.76 13.6 1 6.01 14.13 14.25 1 6.38 . 4 La-.14.6
8 12.39 12.52 12.6 12.7 2.8 9 13.01 13.19. 13.26 13.39 13.51 13.63 13. 6 13.68 1001 16.13 14.25 1.38 116.50 1..61 "1.61

" 9 12.52 12. 12.76 12.69 13.01 13.1 13.26 13.39 13.51 13.63 13.T 6 13.8 1k.1 14.13 16.25 16.36 1.0 16.63 1 .. 3 1. 3
10 12.6h 12. 12.8 13.01 13.1 132613.39 13.51 13.6 13.76 13.88 11.-1 16.13 1k.25 16.36 16.50 1 .63 U. 5 163. 1 1.85
LI 12.76 12.89 13.01 13.19 13.26 13.39 13.5 1 13.63 13.7 6 13.68 6 h. 16.1 16.1 3 14.25 V6.0 16.50 1.63 16.75 16.87 1A.96 1.98
12 12.69 13.01 13.116 13.26 13. 9 13.51 13.63 13.76 13.66 16.01 14.13 16-25 1h.38 1.50 1.63 16.75 .6 15.00 15.AC 5.]C
13 13.01 13.44 13.26 13.39 13.51 13.63 13.76 1 3.6 14.01 16.13 1.25 14.38 16.50 16.63 1.75 16.67 15.00 15.12 1.23 5.23
1I 13.1 13.26 13.39 13.51 13.63 13.76 13.6 16.01 5 6.13 14.25 16.36 19..% 1.613 119b7 16.87 15.00 15.12 15.2 15.315 15.35
is 13.26 13.391).51 13.63 13.76 13.66 1601 16.1316. 38 . 50 6.6 . 75 1.9 15.00 1 .12 15.2 5 15.37Ta . 15.9. 15.6?
IA 13.39 13.51 13.63 13.76 13.68 14.01 16.13 L4.23 16.381.50 1 .63 1'6.73 16.0 150 15.2 12. 15.37 19 15.6 -: 15.6C
17 13.1 13.63 13.76 13.86 14.11 16.13 11.2 5 16.36 16.50 16.63 11.75 16.3 15.301 15.12 15.21 11.37 1.95.6 1 5.6 1.2 11 ,2
1 .8 13.613.M6 13.8 14.01 '116.113 k.5 1 1.30 16.50 k.1 16.T5 15..6 15.1 15.12 15.25 15.7 15.99 15.62 1. 3.* 1-5 .
19 13.76 13.6 16.01 L A.13 1.4 .2 b.36 16.50 16.63 1.75 14.87 15.00 15.12 15.23 15.37 15.99 15.627. 15.87 t.P 15.:) 1..97
20 13.66 16.01 16.13 16.2 14.38 16.50 16.63 16.75 11.8 7 15.00 15.12 1 5.25 15.3 T 1.99 15. 62 15.71 11.87 5.6 9 15. d.: 16.09
21 16.01l 1h.13 116.25 16. -36 14. 16.63 16.75 16.87 11.22C 15.12 15.25 15.37T 15. 19 15.62 154k 9. T 5. 19 1.I 6.1 2 : .6.22
n2 16.13 16. 5 1..36 116.50 .. 3 16.5 1,-.87 15.00 15.12 15.25 15.3? 1.4 . 62 15.7. 15.87 15.99 16.12 16.24 1.- 6.3 6.V-
23 16.23 16.36 16.68 14.61 a.T3 14.85 16.98 15.10 15.23 15.35 15..7 '5.6 15.72 15.85 15.97 16.*9 16.22 16.3. i6.-! 1..
29. 16.23 11b.36 36.S '6.61 11.. 63 1.65 16.96 15.10 15.23 15.35 15.6.7 15.60 15.2 15.85 15.97 16.29 16.22 A6.3. :A.-! 16-44

. I , . .. . . , *,



ii) (C 31C4 'CS) - (10,10,25)

5 7 8 9 10 U1 12 13 16 15 16 17 I8 19 20 U1 22 23 2k

6 3 13.7 13.86 13.9 1.11 1.23 f.36 6.68 4 161 14 1.8 5 1 98 1510 1523 5. 35 1.6? 1560 IS2 15.85 15.9 81.9
G 13.1&-6 13.91 16.1 1 23 1616.136 L4.6. & 61 6. s 6.85 21.98 2.5.9o 15.0 233 15.6'? 15.6 15420 15.85 15.97 16.0? 16.07
T 13.861016.2316.23h36 L-48 16. -61 13 Mk8 16.9 15.10 15.23 15.31513 15.60 15420IS 15. 85 5.9 I6.091.216.20
9 13.96b11 6 l.23 6. 36 6.82..6 116.7-6.8 AM b.M98 1510 15 23 15.6?U 1560 IS 15.85 15.9? 16.09 16.2 2 0 16 203

2. hl.23 16.23616. 6816.6h1146216.85 16.8 15109 15.10 15.2351-5.6.15.60115.5 15.5.9.781 1.9T16022163116.3651665
10114l.3 A6.6 k61 16b.7 AMk.85 1.96 1510 1 23 15. 395.1.? 15.60 5. M 15.85 15.9 9L6.09 16.22 16.3 4 16. 165 16.5
U 12 4.36 AM. 116.61 16.85 lk.968 15.10 15.10315.3 15.11? 15.601.7 -6 15.85 15.9 16.0 16.22 16.31 166? 165 3 1 A 6.69T 16.69
12 hA116.61 1b.73 6.8 16. -96 1. 10 5. -23 .35 1 2.5 6 T2.5 .60 ISM 15.85 1.9 16.09 16.22 16.3 1b 16. 16.59 16.168 L6.82
13 A. 16.7 t.85 16 b.96 15.10 15.23 5.35 15. 1.60 5.72 15.85 1.9 6.09 16. 163L6.6? JA 16.59 6n 6.86 16.9 1.82
15 A 16.85 16 .96 15.10 1.23 1 35 15. 1560 5.7 2 1.85 15.9? 1609 6.22 16.3k 16. 16.59 1. 16.86 161.07 16.07
16 16.96 15.01.10 1.23 15.3 5.6 ? .160 5.7 2 15-85 MO.9 16.09 6.22 16.3 4 16? 16. 59 6.71 1.6. 16.96 MO T 11 M9171
16? .15.10 1.23 5.35 15.6? 15.60 I.7 15.85 15.9 16. 9 16. 16.3 16.6? 1659 16.12. 16.86 16.96 17.09 17. 1 7.3 1.31
IT 15.23 15.2-35 5.6? 1560 5.7 15.85 1 5.9 16.0 16.22 1.36 16.3? 16.59 16s 6.11 16.8 6.96 7.09 17.21 17361.6 11.66u
2.9 15.3I. 15.7 3.60 5. M I5.85 1.9 16.09 16.22 1 6.3 4 16.? 1 6.59 16 41 6.8 16.96 7. 09 17.2 17.36 11661.56 11.56
9 15.6? 15.60IS 15.1 2 2.5.85 15.9 ? 60 6.22 16.36 L6.36? 16.59 16.71 15.86 16.96176.09 11.21 17.3' 11.3416 1581.6 11.6

21 15.60 15.7 15.8 15.9? 16.09 16.2 16.36 16.6? 16.59 1.71I 16.86h 16.96 17.09 17.-21 17.36 17.66 ?.5so 17.12 11.82. 17.81
n2 15.72 15.85 15.9? 16.09 16.22 16.36 16.1.? 16.59 16.71 16.86 16.9 17.09 17.21 11.36 11.64 17.5 11.O 11.83 17sIT.93 17.93

23 15.83 15.95 16.0.716.20 16. 32 16.65 16.5? 16.69 16.82 1.6.96 17.0? 11.19 17.31 1?.61 17. 56 17.69 11.81 1T. 93 18.06 18.06,
2k 15.83 15.95 16.07 16.20 16.32 16.65 16.5? 16.69 16.82 L6.96 17.0? 11.19 17.3U 11.66 17.56 11.69 11.81 17.93 18.04 18.06k

-)awproximation to ordinary premiu g(x) - g(x 1 Fx 2 , Cl'C 2 1 C 3 )

chosen as fixed
i) (C 3 C4 'CS) - (10'10'10) parameters

5 6 7 8 9 10 U1 12 13 14 15 16 17 1* 19 20 21 22 23 26

5 T.80 1.93 8.0? 4.21 8.35 8.69 8.62 8.76 8.90 9.06, 9.17 9.31 9.651 9.59 9.T2 9.a6 10.00 10.11b 10.25 10.25
6 v.93 8.07 8.21 8.35 8.469-862 8.76 8.90 9.06 9.17 9.31 9.65 9.59 9.13 9.86 10.00 10.164 10.28 10.39 210.39
1 8.0? 8.21 8.35 8619 8.62 8.76 8.90 9.016 9.1? 9.31 9.65 9.59 9.13 9.86 10.00 10.16A 10.28 10.6-1 10.53 10.53
8 8.231 8.3s 8.69g 8.62 8.76i 8.9 9.06 9.1? 9.31 9.65 9.59 ;.73 9.86 10.00 10.16 10.28 10.6.1 10.55 10.67 10.6?
9 8.35 8.69 8.62 8.76 8.90 9.06 9.1? 9.31 9.65 9.59 9.73 9.86 10.00 10.16 10.28 10.61 10.55 10.69 10.80 10.80

10 8.O69 .62 8.76 8.90 9.04 9.1? 9.31 9.65S 9.99 9.73 9.86 10.0 10.116 10.28 10.61 10.55 10.69 10.83 10.96 L..A
LI 8.62 8.76 8.90 9.06, 9.1? 9.31 9.65 9.59 9.73 9.86 10.00 10.16 10.28 10.1. 10.55 10.69 10.83 10.9? 11.08 11.08
U2 8.76 8.90 9.0h 9.1? 9.31 9.65 9.59 9M7 9.86 10.00 10.16 10.26 10.61 10.55 10.69 10.83 10.9? 11.10 11.22 11.22
13 8.90 9.06 9.1? 9.31 9.65 9.59 9.T3 9.86 10.00 10.16 10.28 10.6-1 10.55 10.69 10.83 10.9? 11.10 11.2% 11.36 11. 36

* 16 9.06 9.1? 9.31 9.65 9.59 9.73 9.86 10.00 10.16 10.28 10.6 1 10.55 10.69 10.83 10.97 U-.10 11.26L LL.3is .69 l2..19
is 9.2.? 9.31 7.45 9.59 9.73 9.86 10.00 10.14 10.28 10.1.1 10.55 10.69 10.83 10.9? 11.10 11.2h U. 38U.5211.63 2.1.M
16 9.U1 9.65 9.59 9.72 9.86 10.00 10.16 10.20 10.1.1 10.55 10.69 10.83 10.? 11.1 11 .26 11.38 11.52 11.65 11.7 LIM?
1? 9.165 9.59 9.73 9.86 10.00 10.116 10.28 10.61 10.55 10.69 10.83 13.9? 11.10 11.26A 11. 3 11.52 1.65 11.79 11.91 2..91
18 9.39 9.73 9.86 10.00 10.116 10.28 101.1 10.55 10.69 10.83 10.9? L1.1 11.U24 11.38 11.52 11.6 11.79 11.93 12.04 1241b
19 9.72 9.86 10.00 10.16 X0.28 10.61 10.55 10.69 10.83 10.9? 11.10 11.26 11. 38 11.52 11.65 11.79 11.;3 12.0? 12.18 MI.S
20 9.86 10.00 10.16 10.28 10.61il 10.55 10.69 10.83 .0.9? 11.10 11.26 U1.38 11.52 11.65 11.1 1.93 1220? 12.21 L2.32 L2. 32
21 10.00 10.116 10.28 10.161 10.55 10.69 10.83 13.97 11.10 11.26 11. 3e 11.52 11.6 11.79 11.93 12.07 12.21 12.34 12.66 12.4
22 10.16 10.28 10.61 I1.53 10.69 10.83 10.9? 11.10 11.21 . 138 11.52 11.65 11.7 n 1.j3 12.T 12.21 12.264 12.68 12.60 12.60
23 10.25 10.39 10.53 10.6? 10.80 10.06 11.08 11 . 1136 11.1.9 11.63 U.147 U.921 12.01b 12.18 12.32 12.66 12.60 12.71 12.-1

2k 10.25 10.39 1.53 10.6T 10.80 10.96 11.M 11.22 11.36 1.9 11.63 11.77 11.91 12.06 12.18 12.32 12.66 12.60 12.71 2.71
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ii) (C3 C4 ,C5 ) - (10,10,25)

5 6 t a 9 10 11 12 13 1h 15 16 17 1 19 20 21 22 23 21.

5 9.56 9.70 9.81 9.98 10.12 10.25 10.39 10.53 10.6T 10.80 10.94 11.08 L1.22 11.36 U.4 11.63 11.77 11.01 12.02 12.02
6 9.70 9.84 ).98 10.12 10.25 10.39 10.53 10.6T 10.80 10.94 11.08 11.22 11.36 11.9 11.63 L.n 11.91 12.0h 12.16 12.16
7 9.61 9.96 13.12 10.25 10.39 10.53 10.61 10.80 10.9 11.08 11.22 1.36 U.9 11.63 11.T7 1.91 12.0h 12.16 12.30 12.30
a 9.9e 10.12 10.25 10.39 ,0.53 10.6? 10.80 10.9. 1.08 1.22 11.36 1.9.9 11.63 11.77 11.91 2.04 12.18 12.32 12.4-3 12.43
9 10.12 10.25 10.39 10.53 10.6T 10.80 10.91 1.08 1.22 U.36 11.49 11.63 11.77 11.91 2.0 12.1 12.32 12.4-6 12.97 12.5?T

10 10.25 10.39 10.53 10.T 10.80 10.94 11.06 11.22 11.36 11.49 11.63 11.7" 11.91 12.01. 12.16 12.32 12.6 12.60 12.71 12.71
11 10.39 10.53 10.6? 10.80 10.94 11.06 11.22 11.36 1.99 11.63 11.77 11.-9. 12.04 12.1 12.32 11.4,6 2.60 12.73 12.85 12.85
12 10.53 10.6? 10.80 10.9 11.08 11.22 11.36 1.9.9 1.63 1.77 1.91 12.0 12.18 12.32 12. h6 12.60 12.73 12.6T 12.99 12.99
13 10.6? 10.0 10.9k 11.06 11.M 11.36 11.69 11.63 11.77 11.91 12.0. 12.16 12.32 12.-6 12.60 2.73 12.9? 13.01 13.12 13.12
1. 10.0 10.9 11.06 11.22 11.36 11.49 11.63 11.77 11.91 12.01. 12.18 12.32 12.46 12.60 12.T3 12.8 13.01 13.15 13.26 13.26
15 10.9h 11.08 11.22 11.36 1.19 11.63 u.n 11.91 12.0. 12.18 12.32 12.W 12.60 12.73 12.87 13.01 13.15 13.29 13.110 13.9.0
i, 11.08 1.22 11.36 11.69 11.63 11.77 11.91 12.0 12.18 12.32 12.46 L2.60 2.73 12.8? 13.0. 13.15 13.29 13..2 13.94 13.5 1
1? 11.22 11.36 11.9.9 11.63 1.T7 11.91 12.01. 12.18 12.32 12.46 12.60 12.73 12.87 13.01 13.15 13.29 13. U2 12.14 13.68 13.68
18 11.36 1.19 11.63 11.T7 11.91 12.0 12.16 12.32 2.46 12.60 12.73 12.A? 13.01 13.15 13.29 13.42 13.56 13. 13.81 13.81
19 1.1.9 11.63 11.77 11.91 12.09 12.18 12.32 12.1A6 12.60 12.M .12 13.01 13.15 13.29 13.92 13.56 13.T 13.81 13.95 13.95
20 11.63 11.77 11.91 12.0 12.18 12.32 12.46 2.60 12. 12.8? 13.41 13.15 13.29 13.42 13.56 13.70 13.81. 3.?V 1..09 1&.09
21 1.77 ,1,.91 12.0" 12.18 12.32 12.A16 12.60 12. 12.8 13.01 13.15 13.29 13.42 13.56 1.3.70 1T3.8 13.T 1..- 1b.23 14.23
22 11.91 12.01. 12.18 12.32 12.46 12.60 12.M0 12.8? 13.01 13.15 13.29 L3.42 13.56 13.'0 13.A 13.9T 19.LL 14.25 :.4.36 14.36
23 12.02 12.16 12.30 2.9.3 12.57 12.71 12.8 12.99 13.12 13.26 13.C U13.5 .13.68 13.81 13.95 1..09 14.23 1;-..6 1.. 1.. 8
A1 12.02 12.16 12.30 12.9.3 12.5? 12.71 12.85 12.99 13.12 13.26 13. 13.514 13.6a8 13.81 13.69 1..09 14.23 16.36 1b., a 1..1

10. Final Remarks

The Data Trimmed Credibility Formulae seem quite appropriate for

Experience Rating in the presence of catastrophic (or as called

in this paper excess) claims. With this intuitive background in

our minds we have in our explicit calculations been looking at

deviations from ordinary claims towards the higher side only. Ob-

vLously the normal distribution being symmetric one could also ob-

serve OoutliersO to ordinary claims towards the lower side hence

leading to a truncation at the lower end as well. But of course

our assumption of normally distributed claims should only be seen

as an approximation to the real world, and it is our feeling that

the approximation is particularly bad at the lower tail of the

distribution.

In any case truncation at the upper end of the distribution is in-

troducing an additional parameter into the credibility formulae
and we hope to have demonstrated in this paper that the labour

caused by the new parameter can be worthwhile indeed.
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12. Appendix

For the Interested reader we are attaching the explicit calcula-

tions leading to fozmulae 19) and 20).

r!

Ii

j°-
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A: Calculations leading to formula 19)

E[COV(XXAMI X2/1  ' COVEX 1 /08  E(2/1,

COv[XAI4, X2/.] - 0, because XlX 2 are conditionally independent.

Hence

b CovE(1- 0 UKM(e)+U M , (1-w)u (8) +WUe , or

b (-W)" Cov[Ue3(0), UoMl

and analogously (with X2 M instead of X2 )

jb - -) Var l
2 0 6)' '

Let be Y 1A where A denotes the event (X is ordinary}. Then

Vaz(XAM/ 8 ] " z[Var[XAM/,y]J + Var E[X/A1/y]J

"(1-7 l)QK() + TOI4 + Ir(1-,)(UK(0) - )

0 e 0 e

Hence

b 3 - Var[XAMI

- E[Var[XAM/,]] + Var[(1-r)U(e) + Ue] I or

[b - (1-w) -CO" l + .Oi + w(1-1) ( (U -u M)2-]+(l-w),var uo(.)
i3  0Lc() 0 eC

'ili

'I
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B: Calculations leading to formula 20)

i) Preparations

In the following we put r-v'v, s-' and ao--/r-r+ s

Furthermore we denote by #(x) the standardized normal dis-

tribution function and by v(x) the standardized normal den-

sity function.

By convolution we get

(=X-~ ~ i.O(-X _
dS\5= a

l (xiA (-x,\ 1 (H-U'

2" .' '( )'-- -(

s r a 0

Noting that V (x) - -x ,(x) integration by parts gives

,((M x) dx

and thus

* Because of ' - ., ( )- ( to) .( i)

where - rU+82M and a rs

we obtain

x- (!--x) dx-

Z-Z (0 ) (M_-) d,- o 2 ) +a&)',
p0



-22-

Integration by parts gives

* 7x(x-u~) 0(()(M (x).()r

--

and thus using the above formulae

x xu\ 4f(-)dx - s~ls) 2 Iu Mu

ii) actual calculations

U 0 8- =-6 dx + M Pr[X aM

" " ro (p + 6 Prx S M + M Pr[X a /e

M () = 0

Applying the formulae derived in L) we get by straightforward

calculations

IUMI 8)] -1 Cj u(L8) ~i- de

- H- (H-,n%)4 (4%) (Ho)
r? - (M-O H-%N

z C'e' L0 ) (8) (.- o - koOo. % Io!/
Hence

HMCov[Ct o (8) (8) I (e( e) I - 0 0

' . - - -. • d L .a . " T :0 .0e A q . - . 1 - . .
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and (i)

As CoV(XPA!, X2ZAM/,X X ordinary

- Cov(U1 AM, U2A141

- E[Cov[U1 A4, rI2AM/e) 11 CoVEE(UlA4/eli E(L72AM/48J

- VarCUM(e)] ,we conclude from 19)

b2 - (lWZCOV(UPHZ4 U2A1]

To obtain a closed formula for b3, observe

~- '(X-ud &) fI. (

- OM~ (M-U + alo (-U)
X2 4p (x-L) dx - - ) oMj4=) + (U IZ+T )$ (4,

According to 1) the density function of X is

f(x) - (l11)Po(xi/e) dU(9) + 7rp,(x) -(l-r1 0 (x) + irp*,(x)

with (see 6.1. and 6.2)

POWx - 1 (x1
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Hence

Z( (1-n) (mI+a2),(f......r.2I - a (M.MO )fP
o 0 0( r+,M-,o,+ M-Uoe

* T U + a) (- ) ,-- a(M+U ) ()

14 V 0 (a) a)

-A

The same calculations as at the beginning of ii) leading to

the formula for uM(8) are repeated to obtain E XAM] , of

course with different parameter values. From this calculation

we obtain

Z[XAMI~~ M ( -Wma (

fuo-M (o (
-MOOe - 0

+ ', V e-M f \ -- -- _ a 0 / e

-3 B

We can now, finally, write

.b 3 " Var[XAMI a A B1II
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